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Kinematic properties of tensegrity structures reveal that an ideal way of motion is by using their inﬁni-
tesimal mechanisms. For example in motions along inﬁnitesimal mechanisms there is no energy loss due
to linearly kinetic tendon damping. Consequently, a deployment strategy which exploits these mecha-
nisms and uses the structure’s nonlinear equations of motion is developed. Desired paths that are tangent
to the directions determined by inﬁnitesimal mechanisms are constructed and robust nonlinear feedback
control is used for accurate tracking of these paths. Examples demonstrate the feasibility of this approach
and further analysis reveals connections between the power and energy dissipated via damping, inﬁni-
tesimal mechanisms, speed of the motion, and deployment time.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Classical tensegrity structures (Fig. 1) are assemblies of ﬂexible
elements, called tendons, and disjoint bars (Snelson, 1996). This
combination gives tensegrity structures a fascinating form, with
the disconnected bars apparently ﬂoating in a network of tendons.
The tensioned tendons appear to give integrity to the structure,
hence the acronym tensegrity (Sadao, 1996). Readers interested in
this concept’s evolution and extensions that include connected
bars and other rigid bodies may consult Juan and Tur (2008),
Skelton and DeOliveira (2009) or Sultan (2009a). In this article
the structures of interest are deﬁned via key properties and
modeling assumptions.
The key deﬁning property of tensegrity structures, identiﬁed by
early tensegrity researchers (Calladine, 1978; Pellegrino and
Calladine, 1986), is that they can achieve equilibrium conﬁgura-
tions under zero external actions (i.e. forces or torques) and with
all tendons in tension. This property is called prestressability and
these equilibrium conﬁgurations, prestressable conﬁgurations
(see Tibert and Pellegrino (2003a) for a review of methods to ﬁnd
such conﬁgurations). An immediate consequence of prestressabili-
ty is that the structure is statically indeterminate at any prestres-
sable conﬁguration, i.e. the equilibrium equations have multiple
solutions for the internal forces.
Another key property of classical tensegrities is that they have
kinematically indeterminate prestressable conﬁgurations with
internal inﬁnitesimal mechanisms. A conﬁguration is kinematicallyindeterminate if inﬁnitesimal displacements are possible with no
changes in the lengths of the structural members (Calladine,
1978). Such displacements are called inﬁnitesimal mechanisms.
The adjective ‘‘internal’’ is sometimes used to emphasize the fact
that tensegrity inﬁnitesimal mechanisms are intrinsic to the
structure and not due to effects such as rigid body motions, which
involve large displacements with no changes in the lengths of the
structure’s members (see Pellegrino and Calladine (1986) for
details on this topic). Note that, in general, i.e. not limiting the dis-
cussion to tensegrity, mechanisms lead to changes in the structural
member lengths that are at least of second order in terms of dis-
placements and are classiﬁed according to this order, culminating
with ﬁnite mechanisms, which result in zero changes in the
structural member lengths for large displacements, thus being
similar to rigid body motions in this respect (the interested reader
may refer to Pellegrino and Calladine (1986), Calladine and
Pellegrino (1991) or Vassart et al. (2000) and references therein).
The existence of mechanisms is a major advantage for struc-
tures which require change of conﬁguration (e.g., morphing struc-
tures, robots, deployable structures, etc.). Indeed, mechanisms
enable conﬁguration changes without modiﬁcations in the internal
member lengths. For inﬁnitesimal mechanisms this is of course
valid for inﬁnitesimal displacements while for ﬁnite mechanisms
it is valid even for large displacements. A structure with mecha-
nisms has increased ‘‘mobility’’ compared to structures without
mechanisms, making it more amenable to dynamic applications
which involve conﬁguration changes. Clearly, this is true for any
structure with mechanisms, including articulated assemblies com-
posed only of bars. In structures with tendons and mechanisms,
the mechanisms provide another advantage for dynamic applica-
tions. Speciﬁcally for tensegrity, the energy dissipated via linearly
Fig. 1. A tensegrity sculpture by Kenneth Snelson.
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tesimal mechanisms. It can also be shown, using a simple approx-
imation, that the variation in the potential elastic energy of a
tensegrity structure when displacements along inﬁnitesimal
mechanisms occur is small. More generally, i.e. not limiting the
discussion to tensegrity and inﬁnitesimal displacements, if a struc-
ture with tendons has ﬁnite mechanisms the energy dissipated via
linearly kinetic tendon damping and the potential elastic energy
variation are both zero for large displacements along these mech-
anisms because tendon lengths do not change (of course the above
rationale assumes that tendon rest-lengths are constant).
The previous paragraph outlined major advantages mechanisms
provide for dynamic applications, especially for structures with
tendons like tensegrity, emphasizing that motions along mecha-
nisms are desired. However, kinematic analysis, which is used to
identify mechanisms, is basically a geometric study and by itself
cannot address the questions if such motions are feasible and
how they can be achieved. For this purpose, the dynamic equations
of motion must be employed. Furthermore, for large displacement
applications such as deployment, nonlinear dynamics equations
are required.
Nonlinear ordinary differential equations were used to model
tensegrity’s dynamics in a deployment strategy in Sultan and
Skelton (2003). In that work mechanisms were not exploited.
Instead, the system was controlled using tendons to maintain the
state space trajectory of the deployment process close to an equi-
librium manifold. The evolution of the structure was quasi-static,
facilitating satisfaction of structural integrity and collision avoid-
ance constraints. Sultan et al. (2002) also developed a non quasi-
static reconﬁguration procedure which exploits the mathematical
structure of the nonlinear equations of motion and symmetrical
tensegrity conﬁgurations. Tendon control and, in some cases,
external torque control applied to a rigid element of the structure,
was used to achieve symmetrical motions. Working on other
tensegrity deployment problems, Tibert and Pellegrino (2002,
2003b) disputed tendon control claiming that it is technologically
complicated and proposed deployment using foldable/telescopic
struts. A disadvantage of this strategy is that the structure has slack
tendons until fully deployed. Fest et al. (2004) studied the potential
of telescopic struts in the shape control of a tensegrity structure
assuming quasi-static evolution. Motro et al. (2006) proposed
deployable tensegrity rings that can be assembled in pedestrian
bridges. Smaili and Motro (2007) investigated folding of tensegrity
systems by creating ﬁnite mechanisms. Finite mechanisms have
also been exploited in Rhode-Barbarigos et al. (2012) in a study
of ring modules (see also Rhode-Barbarigos et al. (2010)) for a
deployable footbridge, where the structure is deployed assuming
sufﬁcient damping and quasi-static evolution. A key idea in using
ﬁnite mechanisms in tensegrity deployment is to ‘‘activate’’ thesemechanisms, for example by changing the lengths of telescopic
struts or tendons. The main disadvantage associated with this pro-
cedure is that instabilities are introduced when ﬁnite mechanisms
are created. These issues are amply described in Motro (2003)
Chapter 6.
As emphasized in the above, many successful deployment
methods are quasi-static. The structure’s generalized velocities
and accelerations are very small and the state space trajectory of
the deployment process is maintained close to an equilibrium
set. Quasi-static strategies are very effective when damping is large
because it naturally facilitates small accelerations and velocities.
This explains the success of quasi-static deployment procedures
in the presence of considerable damping. However, for many appli-
cations one would actually like to reduce damping because of its
detrimental effects. Damping is a thermodynamically irreversible
process which may result in large energy dissipation and non-
desirable thermal effects. On one hand, it is well known that these
effects are particularly damaging for tendons composed of certain
materials such as elastomers. On another hand, such materials may
actually be required, especially in deployment applications. This is
so because deployment requires large geometry changes that may
easily translate into the requirement that tendons tolerate large
strain variations, as it will be revealed by examples included in this
article. The requirement for large strains is fulﬁlled by tendons
made of elastomers. Therefore, developing deployment strategies
in which the energy dissipated via tendon damping is small is
important. Also, quasi-static deployment strategies are inherently
slow because they require small velocities and accelerations that
usually result in long deployment times. This can be reduced by
solving a constrained optimization problem aimed at minimizing
the deployment time, which is not an easy task (see Sultan and
Skelton (2003) for such an example).
This article directly addresses the last two issues. A fast deploy-
ment procedure, speciﬁcally focused on achieving small energy
dissipation via tendon damping, is developed. Because in motions
along inﬁnitesimal mechanisms the energy dissipated via linearly
kinetic tendon damping is zero, a natural solution is to use these
mechanisms for deployment. For this purpose, desired paths that
are tangent to the directions determined by inﬁnitesimal mecha-
nisms are created. The requirement of quasi-static motion is elim-
inated and the desired paths are not constrained to be close to an
equilibrium set. The amplitude of the structure’s motion is also not
restricted to small variations around equilibria, therefore nonlinear
ordinary differential equations are used to describe the structure’s
dynamics. Furthermore, robust nonlinear feedback controllers are
designed to guarantee that the state space trajectories of the
deployment process, called actual paths, track the desired paths
in the presence of uncertainties. These controllers use only torques
and eventually forces applied to the bars, which are technologically
easy to implement. Because the actual paths follow closely trajec-
tories that are tangent to inﬁnitesimal mechanisms it is expected
that the energy dissipated via tendon damping is small. Examples
reveal the feasibility of the procedure on a tensegrity simplex as
well as on a much more complex tensegrity tower. Correlations
between the power dissipated via damping, the speed of the
motion, and the inﬁnitesimal mechanisms, as well as the inﬂuence
of the deployment time on the energy dissipated via damping are
analyzed. Issues related to material selection, structural integrity,
robustness of the design are also amply discussed.2. Mathematical modeling, prestressability, mechanisms
2.1. Modeling assumptions
The bars are stiff in comparison with the tendons and the mass
of each bar is large relative to the mass of each tendon. Therefore,
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elastic elements. The only damping forces are due to the tendons
and are linearly kinetic, i.e. the magnitude of the damping force
in tendon j, Dj, is
Dj ¼ djj_ljj ð1Þ
where dj > 0 is the damping coefﬁcient of the tendon and _lj is the
time derivative of the tendon length. Tendons exert elastic and
damping forces on the nodes they are attached to only when they
are in tension, otherwise they are slack and exert no force. External
forces and torques may be applied to the bars but any other effects
(e.g., gravity) are ignored.
2.2. Nonlinear equations of motion
Derivation of the equations of motion is a straightforward appli-
cation of Lagrange equations and has been presented elsewhere
(e.g., Sultan (2009a) provides details). Here a summary is given.
The tensegrity system is holonomic so a set of independent gener-
alized coordinates (IGC) can be selected to describe its conﬁgura-
tion with respect to an inertial reference frame. These IGC can
be, for example, coordinates associated with the rigid bars. Let
q 2 RN be the vector of IGC, where N is the number of IGC required
to describe the conﬁguration of the system and RN the set of N
dimensional real vectors. Then the equations of motion are
MðqÞ€qþ Cðq; _qÞ _qþ AðqÞDATðqÞ _qþ AðqÞTðqÞ ¼ HðqÞF ð2Þ
where MðqÞ is the mass matrix and the elements of matrix Cðq; _qÞ
are
Cij ¼ 12
XN
k¼1
@Mij
@qk
þ @Mik
@qj
 @Mjk
@qi
 !
_qk: ð3Þ
Matrix AðqÞ, of size N  E where E is the number of tendons,
depends only on geometry, its elements being given by
Aij ¼ @lj=@qi. Here lj is the length of tendon j, which is a function
of q. Note that ‘‘E’’ is used for the number of tendons to emphasize
the key assumption that they are elastic. Vectors AðqÞDATðqÞ _q
and AðqÞTðqÞ represent the tendon damping and elastic effects,
respectively (here D is a diagonal matrix, D ¼ Diag½dj, and TðqÞ is
the vector of tendon tensions). The term HðqÞF is the vector of
generalized forces due to external actions (i.e. forces, torques)
applied to the bars, where F is the vector representing these actions
(see Sultan (2009a) for details; note that a negative sign is used to
express the vector of generalized forces due to external actions in
Sultan (2009a) for consistency with the rest of the equations, i.e.
matrix HðqÞ is the negative of the one used here).
The structure of these equations is typical of many mechanical
systems. Particular to tensegrity systems are the properties
discussed next.
2.3. Prestressability and inﬁnitesimal mechanisms
A prestressable conﬁguration is an equilibrium achieved under
no external actions (i.e. F ¼ 0) and with all tendons in tension.
From (2) the prestressability conditions are
A0T0 ¼ 0; T0j > 0; j ¼ 1; . . . ; E ð4Þ
where A0 ¼ Aðq0Þ; T0 ¼ Tðq0Þ, and q0 is a prestressable conﬁgura-
tion. The necessary condition for (4) to have solutions it that the
kernel of A0 is nonzero (rankðA0Þ < E). If Tn is an orthonormal basis
for this kernel then
T0 ¼ TnP; P ¼ ½ P1 P2 . . . Ps T ð5Þ
where P1, . . . ,Ps are real scalars called pretension coefﬁcients and S is
the number of pretension states. If a set of pretension coefﬁcientsexists such that T0j > 0 for all j ¼ 1; . . . ; E, then q0 is a prestressable
conﬁguration. Static indeterminacy is obvious from (4) and (5):
once such a set of pretension coefﬁcients has been found, other
selections for these coefﬁcients are possible which result in positive
tendon tensions. Finding prestressable conﬁgurations is a geometry
problem, because matrix A0 ¼ Aðq0Þ depends only on geometry.
Material properties are necessary to compute the rest-lengths
required to achieve a prestressable conﬁguration. For example if
the tendons are linearly elastic, Tj ¼ kjðlj=rj  1Þ for lj P rj and the
rest-lengths are easily computed using
rj ¼ kjlj0
TTnjP þ kj
; j ¼ 1; . . . ; E ð6Þ
where kj ¼ SjEj, with Sj the cross section area, Ej Young’s modulus of
elasticity for tendon j, lj0 ¼ ljðq0Þ, and TTnj the jth row of Tn.
If the kernel of AT0 is nonzero (rankðA0Þ < N) the structure is kine-
matically indeterminate at q0. Indeed, let dq ¼ ½ dq1 . . . dqN T be
an inﬁnitesimal displacement in the kernel of AT0, i.e. A
T
0dq ¼ 0. Then,
in the ﬁrst approximation, tendon lengths do not change due to this
displacement:
AT0dq¼ 0() dqTA0 ¼ 0() dlj ¼
XN
i¼1
@lj
@qi
ðq0Þdqi ¼ 0; 8j¼ 1; . . . ;E:
ð7Þ
Here dlj is the variation of the length of tendon j due to dq. Bars are
rigid, so structural members do not change their lengths due to dq.
Of course, this analysis shows only that dq is an inﬁnitesimal mech-
anism, which is sufﬁcient for the work presented in this article.
Note also the notation ‘‘d’’q to emphasize the inﬁnitesimal character
of the mechanism.
Inﬁnitesimal mechanisms depend only on geometry, however
in combination with inertial, stiffness, and damping characteristics
they inﬂuence the dynamical properties (e.g., stability) of the
structure. Importantly, inﬁnitesimal mechanisms are crucial in
the next ‘‘energetic’’ analysis.
2.4. Energetic analysis of inﬁnitesimal mechanisms
For inﬁnitesimal mechanism displacement, dlj ¼ 0 (see (7)) so
_lj ¼ limdt!0dlj=dt ¼ 0 for all j ¼ 1; . . . ; E. From (1) it follows that
all damping forces are zero, i.e. Dj ¼ 0; j ¼ 1; . . . ; E, so no energy
dissipation via linearly kinetic tendon damping occurs in motions
along an inﬁnitesimal mechanism, dq.
The potential elastic energy of the structure is due only to the
tendons. The variation of this energy when the structure deforms
along an inﬁnitesimal mechanism can be estimated using the
tangent stiffness matrix at a prestressable conﬁguration, q0. This
matrix, labeled K0, can be written as (see Sultan, 2013 for details)
K0 ¼ @ðATÞ=@q1 . . . @ðATÞ=@qN½ 0 ð8Þ
where ‘‘0’’ indicates that the matrix on the right is evaluated at q0.
Using Aij ¼ @lj=@qi and the relationship between tendon elastic
forces and their lengths written in generic form, i.e. Tj ¼ TjðljÞwhere
TjðÞ denotes a differentiable function, (8) becomes
K0 ¼ A0G0AT0|ﬄﬄﬄ{zﬄﬄﬄ}
Km
þ @A=@q1 . . . @A=@qN½ 0Diag½T0|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Kg
ð9Þ
where Km is the material stiffness matrix, Kg the geometric stiffness
matrix, G0 ¼ Diag @Tj=@ljðq0Þ
 
> 0 is the matrix of axial stiffnesses,
assumed strictly positive here, and Diag½T0 is a block-diagonal
matrix of size NE N which has the column vector T0 on the main
diagonal. Using (5), (9) becomes
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Xs
i¼1
PiKPi where KPi ¼ @A=@q1 . . . @A=@qN½ 0Diag½Tni : ð10Þ
Since G0 > 0, the material stiffness matrix, Km ¼ A0G0AT0, is positive
semi-deﬁnite and its directions of positive semi-deﬁniteness are the
directions of the inﬁnitesimal mechanisms. More details on these
derivations, as well as an alternative formulation for the stiffness
matrix decomposition which uses tendon force density coefﬁcients,
can be found in Sultan (2013).
The potential elastic energy variation along an inﬁnitesimal
mechanism can be approximated as
dWel ¼ 0:5dqTK0dq ¼ 0:5dqT A0G0AT0 þ
Xs
i¼1
PiKPi
 !
dq
¼ 0:5
Xs
i¼1
Pidq
TKPidq ð11Þ
so the only contribution to this energy’s variation is due to the geo-
metric stiffness and limPi!0dWel ¼ 0. Practically, inﬁnitesimal
mechanisms are directions along which the structure is very com-
pliant (i.e. easy to deform) especially at low pretension. Clearly,
the assumption of inﬁnitesimal mechanism displacement is crucial
in (11).
These ‘‘energetic’’ results are summarized in Lemma 1 below.
Lemma 1. If the structure deforms along an inﬁnitesimal mechanism
the energy dissipated via linearly kinetic tendon damping is zero while
the variation in the potential elastic energy is only due to the
geometric stiffness matrix and is linear in pretension.
Observation: The key assumption which leads to zero energy
dissipation via tendon damping in the above is that the tendons
are affected by linearly kinetic damping forces. This assumption
is acceptable for a vast array of materials (e.g., frommetals to many
elastomers operating in their range of linear behavior). Also note
that the speciﬁc order of the mechanism was not necessary in
Lemma 1, only its inﬁnitesimal character was used. Therefore these
energetic properties are only guaranteed locally.
3. Deployment using inﬁnitesimal mechanisms
3.1. Motion control strategy
Lemma 1 indicates that from the point of view of energy loss
due to damping an ideal way of motion is along inﬁnitesimal
mechanisms because the energy dissipated via tendon damping
is zero. As already emphasized, this property is only guaranteed
locally due to the assumption of inﬁnitesimal displacement so
the structure’s motion should be only locally connected to
inﬁnitesimal mechanism directions. To ensure such motions the
following strategy is used. First, a path that is tangent to a set of
inﬁnitesimal mechanism directions is constructed in the conﬁgura-
tion space of the structure (i.e. the N-dimensional space of the
generalized coordinates). This will be referred to as the desired
path. The state space trajectory of the structure’s motion, further
referred to as the actual (or deployment) path, must track the
desired path. To achieve this goal, feedback control is used. It is
important to remark that there is no need to maintain the actual
path close to an equilibrium manifold or to enforce quasi-static
evolution, so fast deployment is possible. Preliminary attempts at
tensegrity motion control along these lines were presented in a
conference (Sultan, 2009b). Here complete investigations are per-
formed that include comprehensive studies in the context of
tensegrity folding and unfolding.
The ﬁrst step in designing this control strategy, i.e. ﬁnding inﬁn-
itesimal mechanisms, has already been explained. In the following,the desired path’s construction and tracking controller design are
described.
3.2. Desired path construction
Let wj 2 RN , j ¼ 1; . . . ;M, be a set of conﬁgurations with inﬁni-
tesimal mechanisms. For each wj 2 RN a direction parallel to an
inﬁnitesimal mechanism, v j, is selected. The problem of building
the desired path is then reduced to constructing a curve that passes
through wj 2 RN , j ¼ 1; . . . ;M, and is tangent to the corresponding
v j 2 RN at each of these points. A simple solution to this problem
is given by the following Lemma.
Lemma 2. Let ðtj;wj;v jÞ, tj 2 R, wj 2 RN , v j 2 RN , be a prescribed
sequence with times tj strictly increasing. The piecewise cubic
polynomial, with respect to time, given by
qdðtÞ ¼
1
6
cjðt3  t3j Þ þ
1
2
ajðt2  t2j Þ 
1
2
cjt2j þ ajtj wj
 
ðt  tjÞ
þwj; tj 6 t 6 tjþ1 ð12Þ
for j ¼ 1; . . . ;M  1 where
cj ¼ 12ðwjþ1 wjÞ þ 6ðv jþ1 þ v jÞðtjþ1  tjÞðtjþ1  tjÞ3
ð13Þ
aj ¼ v jþ1  v jtjþ1  tj þ
tjþ1 þ tj
ðtjþ1  tjÞ3
ð6ðwjþ1 wjÞ  3ðv jþ1 þ v jÞðtjþ1  tjÞÞ
ð14Þ
passes through wj and is tangent to v j at time tj, for all j ¼ 1; . . . ;M.
This result can be easily proved using the generic formula for
cubic polynomials for adjacent intervals and imposing the appro-
priate conditions on the values at the end points, i.e. qdðtjÞ ¼ wj,
_qdðtjÞ ¼ v j for j ¼ 1; . . . ;M. Algebraic manipulations then lead to
(12)–(14). Alternatively, one can simply verify these formulas by
substituting t ¼ tj into the formulas for qdðtÞ in (12) and for _qdðtÞ
(also see Sultan et al. (2007) for more details and other applications
of this result).
3.3. Robust nonlinear feedback control
Once a desired path has been constructed, active control can be
applied to guarantee accurate tracking of this path. For the exam-
ples presented next, a nonlinear feedback controller has been
selected. This controller has advantages such as guaranteed robust-
ness properties, simplicity because it avoids online computation of
the regressor matrix, and previous success in tracking fast and
large amplitude motions (see Zenieh and Corless (1997) and
Sultan et al. (2000)).
For a concise description of the controller, consider the generic
system
Mðq;lÞ€qþ Cðq; _q;lÞ _qþ Gðq; _q;lÞ ¼ u ð15Þ
where l represents uncertainties in the system. For example,
parameters that are not known precisely or are likely to exhibit
variations due to operational and environmental conditions (e.g.,
temperature, radiation, etc.) can be elements of l. If qdðtÞ is the
desired path and the control law is
u ¼ Ug q
2
kqgk þ e g; q ¼ b1k _tk þ b2ktkk _qk þ b3
t ¼ _qd K~q; g ¼ _~qþK~q; ~q ¼ q qd ð16Þ
with U, K, e, b13, selected such that
Fig. 2. Tensegrity simplex.
Fig. 3. Top view of a symmetrical conﬁguration.
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b0
b1
; 0< b0I6Mðq;lÞ6b1I;
kCðq; _q;lÞk6b2k _qk; kGðq; _q;lÞk6b3;
ð17Þ
then the tracking error, ~qðtÞ ¼ qðtÞ  qdðtÞ, satisﬁes (see Zenieh and
Corless (1997))
k~qðtÞk 6 e1k~qðt0Þk þ e2k _~qðt0Þk
 
ecðtt0Þ þ r: ð18Þ
In these formulas c is the rate of convergence and r the error
tolerance, which can be speciﬁed by the designer, ~qðt0Þ and _~qðt0Þ
are initial conditions, I is the identity matrix, kmin =max {⁄} is the
minimum/maximum eigenvalue of matrix ⁄, and
e1 ¼ 1þ kmaxfKge2; e2 ¼ b1b0ðc1  cÞ
; c1 ¼
kminfUg
b1
: ð19Þ
Also, jj  jj represents the standard Euclidean norm for vectors and
the maximum singular value norm for matrices (i.e. in (17),
kCðq; _q;lÞk is the maximum singular value of matrix Cðq; _q;lÞ).
Remark that inequalities (17) contain several scalars, i.e. b03, which
can be determined analytically only for very simple systems. In
general, numerical procedures based on discretization of the region
where the system trajectories are expected to lie can be used (see
Sultan et al. (2000)). Heuristic determination of b03 is also an alter-
native to discretization for very complex, large dimensional systems
where numerical computation of these constants is prohibitive.
Note also from (16) that time derivatives of the desired path,
qdðtÞ, up to the second order are required (due to the _t term in q).
If the desired path is of class C2 almost everywhere with respect
to time, having only a ﬁnite number of isolated discontinuities of
the ﬁrst kind (i.e. left and right limits exist), for numerical imple-
mentation at the points of discontinuity the average value of the left
and right limits can be used. Numerous numerical experiments
indicated that this approach works very well.
To apply this result, the equations of motion (2) are easily cast
as in (15) by identifying terms:
MðqÞ€qþ Cðq; _qÞ _qþ AðqÞDATðqÞ _qþ AðqÞTðqÞ|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Gðq; _qÞ
¼ HðqÞF|ﬄﬄ{zﬄﬄ}
u
: ð20Þ
Note that for simplicity and consistency with (2) the uncertainty
term, l, has not been explicitly written in (20). The most important
uncertain parameters are tendon material properties (damping
coefﬁcients, Young moduli) and their inﬂuence on the robustness
of the design will be extensively investigated in the examples.
In the remainder of this article, the deployment procedure
described in the above is applied to the folding and unfolding of
some tensegrity structures. For simplicity the word ‘‘deployment’’
is used to denote folding and unfolding processes.
4. Tensegrity simplex example
4.1. Tensegrity simplex description
The ﬁrst example used to verify the feasibility of this deploy-
ment approach is a tensegrity structure of low complexity called
a tensegrity simplex. This structure is composed of three ‘‘vertical’’
tendons, AiBj, three ‘‘top’’ tendons’’, BiBj, and three identical bars of
length l, AiBi, attached via frictionless rotational joints to a ﬁxed
equilateral triangle, A1A2A3, of side length b (see Fig. 2, where ten-
dons are represented by thin lines and bars by thick lines). A dex-
tral inertial reference frame {b1,b2,b3} with origin at the centroid
of A1A2A3, b1 parallel to A1A3, and b3 perpendicular onto A1A2A3
is introduced. The rotational degree of freedom around each bar’s
longitudinal axis of symmetry, AiBi, is ignored and the vector ofgeneralized coordinates is q ¼ ½ d11 a11 d21 a21 d31 a31 T
where di1 is the angle between AiBi and b3 and ai1 is the angle
between AiBi’s projection onto A1A2A3 and b1. The bars are
assumed rigid while the tendons are massless, linearly elastic
and affected by linearly kinetic damping. Each bar is acted upon
by external torques, which represent the control vector, u, in (15)
or (20).
A particularly interesting class of prestressable conﬁgurations is
the set of symmetrical prestressable conﬁgurations (see Fig. 3).
Symmetrical conﬁgurations are described by
q0 ¼ d a d aþ 4p=3 d aþ 2p=3½ T ð21Þ
where a 2 ½0;2pÞ is the angle between A1B1’s projection onto
A1A2A3 and b1 and d 2 ð0;p=2Þ the angle between AiBi, i = 1,2,3,
and b3. In the following, the deployment strategy described in the
previous section will be exempliﬁed on the unfolding of the simplex
between two symmetrical prestressable conﬁgurations.
In Sultan (2013) the prestressability conditions (4) have been
solved and the inﬁnitesimal mechanisms found for these conﬁgu-
rations, leading to the following results.
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if a 2 ð0;p=6Þ, b < l
ﬃﬃﬃ
3
p
andsin d ¼ b
2
ﬃﬃﬃ
3
p
l sina
: ð22Þ
At each symmetrical prestressable conﬁguration there is one
pretension state (so in (5), S = 1 and P = P1) and one inﬁnitesimal
mechanism given by
dq ¼ da½ tana tan d 1 tana tan d 1 tana tan d 1 T ; da–0:
ð23ÞLemma 4. At any symmetrical prestressable conﬁguration the tan-
gent stiffness matrix is positive deﬁnite. Moreover, all of the symmet-
rical prestressable conﬁgurations are exponentially stable. These
properties are valid regardless of the positive values of pretension
and material properties consistent with the modeling assumptions.
Furthermore, the tendon tensions at a symmetrical prestressa-
ble conﬁguration can be expressed analytically as follows:
T0 ¼ PTn;
Tn ¼ 1ﬃﬃﬃ
3
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
T^2VV
2 þ B2
q T^VV T^VV T^VV B B B T ; P > 0: ð24Þ
where T^V ¼ ðcota
ﬃﬃﬃ
3
p
Þ
ﬃﬃﬃ
3
p
=2 and V and B are the lengths of the
vertical and top tendons at such a conﬁguration, expressed as
V ¼ l2 þ b2  2lb cosa sin d
 0:5
;
B ¼ 3l2 sin d2 þ b2  3lb sin d cosa
ﬃﬃﬃ
3
p
lb sin d sina
 0:5
ð25Þ
respectively, with sin d given by (22). The order of tendons in T0 is
A1B2, A2B3, A3B1, B1B2, B2B3, B3B1. Of course at each symmetrical
prestressable conﬁguration the corresponding tendon rest-lengths
required to achieve equilibrium must be computed using (6).
The compressive force in any bar, obtained from nodal equilib-
rium conditions, is
C ¼ lPT^Vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3ðT^2VV2 þ B2Þ
q ð26Þ
It is crucial to remark that positive deﬁniteness of the tangent
stiffness matrix means that the structure is stiff at that conﬁgura-
tion. Thus, another key property of classical tensegrity structures,
identiﬁed as early as 1978 (see Calladine (1978)), namely that
the inﬁnitesimal mechanisms are stiffened by pretension, is veri-
ﬁed by Lemma 4.
4.2. The unfolding problem
The simplex is initially in a symmetrical prestressable conﬁgu-
ration characterized by a height of 0.5 m and a ¼ ai ¼ 5:6,
d ¼ di ¼ 80:4 (Fig. 4) and must be unfolded to reach a ﬁnal sym-
metrical prestressable conﬁguration of height 2.5 m and withFig. 4. Initial ‘‘ﬂat’’ conﬁguration.a ¼ af ¼ 10, d ¼ df ¼ 33:65 (Fig. 5). The deployment time, s, is
prescribed.
The structure’s parameters were selected as (in SI units)
b ¼ 1; l ¼ 3; m ¼ 1=3; P ¼ 100; dj ¼ 0:1;
kj ¼ 50; j ¼ 1;2;3; kj ¼ 10; j ¼ 4;5;6 ð27Þ
where m is the mass of a bar. The transversal moment of inertia of
each bar is, J ¼ ml2=12 ¼ 1=4 kg m2.
To construct the desired path, qdðtÞ, M ¼ 12 points were
selected on the equilibrium path, equidistantly placed within the
interval ½ai af , i.e. M ¼ 12 values for a were generated as
aj ¼ ai þ ðaf  aiÞðj 1Þ=ðM  1Þ, j ¼ 1; . . . ;M. The corresponding
vectors wj were computed using formula (21) for q0 with
a ¼ aj and with d given by (22). Vectors v j were obtained by
normalizing to unit Euclidean norm the corresponding
inﬁnitesimal mechanisms given by (23), and times tj were chosen
as tj ¼ sðj 1Þ=ðM  1Þ. These quantities were used in (12)–(14) to
generate the desired path.
For control design the following parameters were selected:
b0 ¼ 0:1; b1 ¼ 2; b2 ¼ 2; b3 ¼ 150; Q ¼ 21I;
K ¼ 11I; e ¼ 0:945: ð28Þ
Tendon rest-lengths were ﬁxed to the values corresponding to the
initial conﬁguration (i.e. 0.96 m for vertical tendons and 1.64 m
for top tendons) and were switched to the values corresponding
to the ﬁnal conﬁguration (1.22 m for vertical tendons and 0.87 m
for top tendons) at time t ¼ s, when the controls, u, were also ﬁxed
to zero (see for example Sultan and Skelton (2003) for a discussion
about how tendon rest-lengths can be modiﬁed in practice; e.g.,
tendons whose rest-lengths must increase are rolled out of a device
whereas tendons whose rest-lengths must decrease are rolled into a
device). The values of the rest-lengths were computed using (6)
with the normalized tensions, Tnj, given by (24), and using (25)
for the tendon lengths in a symmetrical prestressable conﬁguration,
lj0 ¼ ljðq0Þ, with d given by (22).
4.3. Simulation results
Eqs. (20) and (16) were used to simulate the closed loop behav-
ior of the system. Fig. 6 shows projections onto the a11, d11 plane ofFig. 5. Final ‘‘erected’’ conﬁguration.
Fig. 7. Dissipated power distribution along the actual path for simplex unfolding.
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actual, and equilibrium paths for s ¼ 5 s (similar behavior was
observed for all of the other generalized coordinates). Clearly, the
quality of tracking is very good: the actual path ideally follows
the desired path. Remark also that the points represented in
Fig. 6 on the actual path correspond to equal time intervals. In
the vicinity of the inﬂexion points on the actual path, where the
inﬁnitesimal mechanisms are located, these points are spread
apart, whereas in the vicinity of the turning points on the actual
path these points are very close to each other. It is then clear that
motion in the vicinity of inﬁnitesimal mechanisms (i.e. at the
inﬂexion points on the actual path) is much more rapid than
motion far from these mechanisms (e.g., at the turning points on
the actual path). On the other hand, Fig. 7, which depicts the distri-
bution of power dissipated via tendon damping along the actual
path, shows that power loss due to damping is minimal when
the actual path follows closely the inﬁnitesimal mechanism direc-
tions despite of the rapid motion there, and much larger at the
turning points, regardless of the slow motion there. This is a very
important observation, which shows that the geometry of the
motion has a dominant effect on the energy dissipated via linearly
kinetic tendon damping compared to the speed of the motion.
Thus, for small energy dissipation via tendon damping it is more
important to focus on controlling the motion such that geometry
is properly exploited by using inﬁnitesimal mechanisms, than to
focus on achieving slow motion. An explanatory note may be
required to understand Fig. 7: in this Figure the curve in the
a11, d11 plane represents the projection of the actual path on this
plane, whereas the out of plane curve represents the values of
the dissipated power at the corresponding points on the actual
path (effectively the curve in the a11, d11 plane is the projection
of the out of plane curve on this plane). When the out of plane
curve comes in contact with the a11, d11 plane the dissipated power
is zero. This happens precisely at the inﬂexion points on the actual
path, where the actual path is practically tangent to the inﬁnitesi-
mal mechanisms due to the exceptional tracking of the desired
path (the best points to visualize this are towards high values of
a11, i.e. the end point for a11 ¼ 80:4 or the point corresponding
to a11 ¼ 67).
Note that the tendons are always in tension throughout the
motion (representative tendon tension time histories are depicted
in Fig. 8), sufﬁcient clearance between bars is maintained so colli-
sions are avoided (the minimum distance between bars is 0.19 m),
and the controls vary within acceptable limits (results are not
reproduced here for brevity).
Fig. 9 shows snapshots of the deployment process at equal time
intervals (for simplicity the connections to the ﬁxed ground viaFig. 6. Representative paths for simplex unfolding.rotational joints were not represented). The structure’s shape var-
iation is more impressive in the initial phase due to larger varia-
tions in the generalized coordinate values in that phase of the
motion. Fig. 10, which shows time histories of two generalized
coordinates, clearly indicates the size of these variations. For
example d11, which is directly related to the ‘‘height’’ of the struc-
ture that is easy to visualize in Fig. 9, varies substantially in the ini-
tial phase, when ‘‘Time’’ (or t in all of the relevant equations) is
small, and varies very little when ‘‘Time’’ approaches s ¼ 5, thus
explaining Fig. 9.
Fig. 10 also shows that the structure settles down to the ﬁnal
equilibrium conﬁguration very quickly. This is explained by the
quality of tracking and the exponential stability of this conﬁgura-
tion. At t ¼ s all generalized coordinate values are practically equal
to those of the ﬁnal equilibrium conﬁguration and all generalized
velocities are very close to zero. These, combined with the expo-
nential stability of the ﬁnal equilibrium conﬁguration, result in
immediate convergence to the desired ﬁnal equilibrium conﬁgura-
tion, once the tendon rest-lengths are switched to the values cor-
responding to this conﬁguration.
4.4. Further evaluation and discussion
4.4.1. Energy computation
The energy dissipated via tendon damping during the feedback
controlled deployment process is Wdiss ¼
R s
0
_qTAðqÞDATðqÞ _qdt ¼
0:44 J, while the mechanical work of the controls is Wc ¼R s
0
_qTudt ¼ 58:20 J (simple numerical integration has been usedFig. 8. Representative tendon tension time histories for simplex unfolding.
                        Initial configuration ( 0t = )                     Intermediate configuration ( 3t τ= )
Intermediate configuration ( 2 3t τ= )           Final configuration ( t = τ )
Fig. 9. Deployment sequence for simplex unfolding for s ¼ 5 s.
Fig. 10. Representative generalized coordinate time histories for simplex unfolding.
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lows. The initial potential elastic energy of the structure, at t = 0,
is Wiel ¼
P6
j¼1kjðlji  rjiÞ2=2=rji ¼ 150:37 J. Here lji and rji denote
the jth tendon length and rest-length at the initial equilibrium con-
ﬁguration, respectively. At the end of the feedback controlled
deployment process, i.e. at t ¼ s, right before the tendon rest-
lengths are switched to the values corresponding to the desired
ﬁnal equilibrium conﬁguration and the controls are set to zero,
the potential elastic energy is 208:85 J. The kinetic energy is due
to the motion of the bars and at the same instant is very small,
Wk ¼ 0:16 J. Since this energy and the energy dissipated via damp-
ing are so small (i.e.Wk ¼ 0:16 J andWdiss ¼ 0:44 J), the work of the
controls is practically dictated by the variation in the potential
elastic energy that must be achieved (simple energy balance veri-
ﬁes these calculations). If one wants to reduce the mechanical
work required from the controls, reduction of this potential elastic
energy variation should be achieved. Other strategies could be pur-
sued, like for example designing controllers and deployment paths
that speciﬁcally reduce the control energy. These strategies mayinvolve control procedures that are technologically different, such
as rest-length control to maintain the variation in potential elastic
at low levels even when tendon lengths exhibit large variations
(see Sultan and Skelton (2003) for continuous rest-length control
in tensegrity quasi-static deployment). Clearly this requires more
controls and more complex procedures. Here only torques applied
to bars are used and the rest-lengths are ﬁxed during the con-
trolled phase of the deployment, being switched only once, to
the values corresponding to the desired ﬁnal equilibrium. To what
extent inﬁnitesimal mechanisms can be effectively used to solve
other type of problems may be a topic of future research.
4.4.2. Tendon material and modeling assumptions veriﬁcation
Tendon strains, computed as ej ¼ ðlj  rjÞ=rj, j = 1, . . . ,6, vary
between 1.11 (static) and 1.7 (dynamic) for vertical tendons and
0.2 (dynamic) and 1.58 (static) for top tendons. Here ‘‘static’’
means that the value is achieved at an equilibrium (initial or ﬁnal
prestressable conﬁguration) whereas ‘‘dynamic’’ means that it is
attained during motion. For such large strains elastomers are rec-
ommended. Many elastomers resist much larger strains, while also
exhibiting linearly elastic behavior, in agreement with the model-
ing assumptions made herein. For example Wang et al. (2002)
report elastomers that are linearly elastic for strains between 0
and almost 4 while Sonnenschein et al. (2013) and Lee et al.
(2009) report biocompatible elastomers that resist strains of 7 or
larger. Therefore, there is a large range of elastomers that can be
used to manufacture the tendons. Using an average density of
1000 kg/m3 and an average Young modulus of Ej ¼ 1 MPa (values
that are in the typical range for these elastomers, see for example
Table 6 in Sonnenschein et al. (2013)) and the values for kj ¼ SjEj
given in (27), the maximum mass of each vertical tendon is
0.061 kg, achieved in the ﬁnal prestressable conﬁguration, and
the maximum mass of each top tendon is 0.016 kg, achieved in
the initial prestressable conﬁguration. These values, obtained using
the corresponding tendon rest-lengths for volume computation,
are much smaller than the mass of each bar (m ¼ 0:33 kg), in
agreement with the modeling assumption that tendon mass is
Fig. 11. Robustness results for simplex unfolding.
Fig. 12. Deployment paths for different deployment times for simplex unfolding.
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used for material properties in the range that is typical for linearly
elastic elastomers to yield even smaller tendon mass.
4.4.3. Bar loading and veriﬁcation
A note is also made here regarding mechanical loads experi-
enced by bars. In quasi-static deployment approaches the structure
is always close to equilibria, so static values of forces and torques
to design the structure’s members are used. Moreover, because
reliable values for typical material properties that are used in the
structural design process (e.g., elasticity moduli, strength limits,
etc.) are determined in experimental conditions that are also
quasi-static, such an approach is justiﬁed. When the structure
experiences dynamic behavior that departs from quasi-static con-
ditions, the simplest strategy to account for this difference is to use
high values for the safety coefﬁcients. For example in the particular
situation exempliﬁed herein, the maximum value for the static
compressive force in bars (obtained from (26)) is C = 82.15 N,
achieved in the initial equilibrium conﬁguration. If the bars are
pipes of exterior radius R, designing them against buckling gives
the following formula for the minimum bar mass:
mmin ¼ pqbl R2 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R4  4l
2Ccb
p3Eb
s0
@
1
A ð29Þ
where qb, Eb, and cb are bar density, Young modulus, and safety
coefﬁcient, respectively. For example for bars made of Titanium,
with R ¼ 0:025 m, qb ¼ 4400 kg/m3, Eb ¼ 110 GPa and a large safety
coefﬁcient, cb ¼ 5, (29) yieldsmmin ¼ 0:14 kg which is much smaller
than the bar mass used in simulation (i.e. m ¼ 0:33 kg).
4.4.4. Robustness analysis
Robustness of the design is also an important issue, especially
when elastomers are used, because these materials usually exhibit
variations in their properties. Of course, large safety coefﬁcients, as
discussed in the above, guarantee some robustness for structural
design, but the robustness of the control design must also be ver-
iﬁed. Therefore, a robustness study was carried out in which the
Young moduli of all tendons were modiﬁed randomly by up to
±20% with respect to their nominal values, Ej ¼ 1 MPa, j = 1, . . . ,6.
The tendon damping coefﬁcients were also randomly modiﬁed
between 0 and 0.4. The corresponding closed loop behaviors were
simulated for s ¼ 5 s using the same controller as before (i.e. the
one used in Section 4.3), which was designed using nominal values
of Ej ¼ 1 MPa and dj ¼ 0:1, j = 1, . . . ,6. To evaluate the quality of
tracking an aggregate error norm was deﬁned as follows: for Nt
points along the desired and actual paths this error norm was com-
puted as
PNt
i¼1k~qðtiÞk2
 0:5
where k~qðtiÞk is the Euclidean norm of
the tracking error at time ti, i.e. ~qðtiÞ ¼ qðtiÞ  qdðtiÞ. Fig. 11 shows
the distribution of this error for 200 test cases and Nt ¼ 200, where
‘‘perturbed designs’’ refer to the closed loop systems obtained
using perturbed values of tendon material properties and ‘‘nominal
design’’ corresponds to the design in which such perturbations are
not considered. Clearly, the nominal design is sufﬁciently robust to
tolerate such large changes in material properties. This is expected
because the controller has built in robustness properties (see
Zenieh and Corless (1997)). Note that, during all these simulations
control variations were conﬁned to acceptable limits and the con-
ditions that all tendons are in tension and that sufﬁcient clearance
between bars is maintained were satisﬁed.
4.4.5. Deployment time inﬂuence
To further evaluate this procedure, the deployment time was
varied between 5 and 25 s. Fig. 12, which shows projections of
the equilibrium, desired, and actual paths onto the a11, d11 planefor s ¼ 5;15;25 s, indicates that accurate tracking was always
achieved. As in the previous simulations, the conditions that all
tendons are in tension, sufﬁcient clearance between bars is main-
tained, and that controls vary between acceptable limits were also
veriﬁed. The energy dissipated via tendon damping was computed
as the mechanical work of the damping forces,
Wdiss ¼
Z s
0
_qTAðqÞDATðqÞ _qdt ð30Þ
using simple numerical integration. Fig. 13 shows that this energy
decreases as the deployment time increases, reaching a minimum
for approximately s ’ 25 s. For practical applications fast deploy-
ment is of interest so the deployment time should be kept low.
Fig. 12 also shows that large deployment time leads to large ampli-
tude motions, which may not be desired. If one wants to reduce the
time for which minimum energy dissipation via damping is
achieved, solving a multi-objective, constrained optimization prob-
lem may be attempted.
A ﬁnal observation emphasizes the fact that the control actions
(i.e. the elements of vector u) are external torques applied to the
bars. Clearly, compared to other control actions proposed for
tensegrity deployment such as tendon control or telescopic struts,
these are easier to implement.
5. Tensegrity tower example
The tensegrity simplex is a simple structure, which was instru-
mental in presenting, with many details, the application of the
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of the approach is illustrated on a much more complex structure, a
tensegrity tower.Fig. 14. Tensegrity tower.
Fig. 13. Variation of dissipated energy via damping with deployment time for
simplex unfolding.5.1. Tensegrity tower description
A three stage SVDT tensegrity tower consists of 36 tendons and
9 identical bars of length l. The SVDT denomination is related to
classes of tendons called ‘‘Saddle’’, ‘‘Vertical’’, ‘‘Diagonal’’, and
‘‘Top’’ respectively (for more details see Sultan and Skelton
(2003)). The tower is depicted in Fig. 14 where thin lines represent
tendons and thick lines represent bars. Three bars are attached via
frictionless rotational joints at Ai1, i = 1, 2, 3, to a ﬁxed base equilat-
eral triangle of side length b, labeled A11A21A31. The dextral inertial
reference frame, {b1,b2,b3}, and the angles aij and dij for a generic
bar, AijBij, are deﬁned similarly with the ones for the simplex.
Stages are determined by bars with the same second index, e.g.,
stage one is composed of bars Ai1Bi1, i = 1, 2, 3. As in the simplex
example, the tendons are assumed massless, linearly elastic, and
affected by linearly kinetic damping, while the bars are rigid and
each bar’s rotational degree of freedom around AijBij is ignored.
The controls are torques applied to the bars of the ﬁrst stage and
torques and forces applied to the bars of the second and third
stages.
This system has N = 36 independent generalized coordinates,
selected as the angles dij;aij; i ¼ 1;2;3; j ¼ 1;2;3, and the center
of mass inertial Cartesian coordinates for the bars of the second
and third stages, xij; yij; zij; i ¼ 1;2;3; j ¼ 2;3. The vector of inde-
pendent generalized coordinates is thus:
q¼ qT1 qT2 qT3
 T where
q1 ¼ d11 a11 d21 a21 d31 a31½ T ;
qj ¼ x1j y1j z1j d1j a1j x2j y2j z2j d2j a2j x3j y3j z3j d3j a3j
 T
;
j¼2;3:
ð31Þ
For this tower, symmetrical conﬁgurations (as shown in Fig. 15) are
deﬁned as follows. Triangles A11A21A31 and B12B22B32 are equilateral
triangles of side length b and all angles dij are equal, dij ¼ d. Bars are
parallel as follows: A11B11||A22B22||A33B33, A21B21||A32B32||A13B13,
and A31B31||A12B12||A23B23. The projections onto the plane {b1,b2}
of nodes A3(j+1), B1j, B3j, A2(j+1), B2j, A1(j+1), j = 1, 2, form regular hexa-
gons. Planes A1jA2jA3j and A1(j+1)A2(j+1)A3(j+1), j = 1, 2, are parallel, the
distance between A1(j+1)A2(j+1)A3(j+1) and B1jB2jB3j is the same for
j = 1, 2, and it is called the overlap, h. The set of symmetrical conﬁg-
urations is easily parameterized using three parameters, a11 ¼ a, d,
and h, resulting in:a21 ¼ a32 ¼ a13 ¼ aþ 4p3 ; a31 ¼ a12 ¼ a23 ¼ aþ
2p
3
; a22 ¼ a33 ¼ a11 ¼ a;
x12 ¼  b2
l
2
sinðdÞ cosða12Þ; y12 ¼
b
ﬃﬃﬃ
3
p
6
 l
2
sinðdÞ sinða12Þ; x22 ¼ b2
l
2
sinðdÞ cosða22Þ;
y22 ¼
b
ﬃﬃﬃ
3
p
6
 l
2
sinðdÞ sinða22Þ; x32 ¼  l2 sinðdÞ cosða32Þ; y32 ¼ 
b
ﬃﬃﬃ
3
p
3
 l
2
sinðdÞ sinða32Þ;
x13 ¼ l2 sinðdÞ cosa13; y13 ¼
b
ﬃﬃﬃ
3
p
3
þ l
2
sinðdÞ sina13; x23 ¼ b2þ
l
2
sinðdÞ cosa23;
y23 ¼ 
b
ﬃﬃﬃ
3
p
6
þ l
2
sinðdÞ sina23; x33 ¼  b2þ
l
2
sinðdÞ cosðaÞ; y33 ¼ 
b
ﬃﬃﬃ
3
p
6
þ l
2
sinðdÞ sinðaÞ;
zi2 ¼ 3l2 cosðdÞ  h; zi3 ¼
5l
2
cosðdÞ  2h; i ¼ 1;2;3:
ð32Þ
Fig. 17. Dissipated power distribution along the actual path for the tower.
Fig. 18. Representative tendon tension time histories for tower folding.
Fig. 15. Tensegrity tower in a symmetrical conﬁguration.
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tions (i.e. solutions to (4)) and for stiffness and stability properties
of the corresponding prestressable symmetrical conﬁgurations.
Here a subset of these conﬁgurations is used to generate inﬁnites-
imal mechanisms. Speciﬁcally, for a ¼ 0 the prestressability condi-
tions (4) for symmetrical prestressable conﬁgurations were
numerically solved for l = 1 m, b = 0.67 m and d 2 ½40;80. For
each value d 2 ½40;80 that was considered a unique solution
for the overlap, h, was obtained, generating a point on the equilib-
rium path. At each point on this path the equilibrium matrix, A0, of
size 36  36, has rank 35 so there is one pretension and one inﬁn-
itesimal mechanism. Similarly with the tensegrity simplex exam-
ple, the stiffness matrix is positive deﬁnite and each point on this
path is an exponentially stable equilibrium regardless of the posi-
tive pretension and material properties consistent with the model-
ing assumptions (see Sultan (2013) for more details).5.2. Tensegrity tower folding
The structure is in a ‘‘tall’’ initial symmetrical prestressable
conﬁguration, characterized by a ¼ ai ¼ 0, d ¼ di ¼ 40 and a
height of 1.63 m, and must be folded into a ﬁnal symmetrical pres-
tressable conﬁguration characterized by a ¼ af ¼ 0, d ¼ df ¼ 80Fig. 16. Relevant paths for tensegrity tower folding.
Fig. 19. Representative generalized coordinate time histories for tower folding.and a height of 0.45 m (see Fig. 20). To apply the previous
procedure, M ¼ 11 points were selected on the equilibrium
path described before, equidistantly placed between di and
df , i.e. M ¼ 11 values for d were generated as
dj ¼ diþðdf  diÞðj1Þ=ðM1Þ; j¼ 1; . . . ;M. Each vector wj, which
is the corresponding generalized coordinate vector, was computed
using the formula for q in (31) combined with (32), where a¼ 0,
d¼ dj, and the overlap h was determined by numerically solving
the prestressability conditions (4). The corresponding inﬁnitesimal
mechanisms were computed from the kernel of AT0 and normalized
   Initial configuration ( 0t = )                                Intermediate configuration ( 3t = τ )
Intermediate configuration ( 2 3t τ= )                  Final configuration ( t = τ )
Fig. 20. Deployment sequence for the tower for s ¼ 5 s.
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sen as tj ¼ sðj1Þ=ðM1Þ. Then the desired path was generated
using (12)–(14). Other parameters of the structure were chosen
as (SI units)
m ¼ 1; J ¼ ml2=12 ¼ 1=12; dj ¼ 0:1; P ¼ 82 ð33Þ
wherem and J are the mass and central transversal moment of iner-
tia of a bar, and dj and P are damping and pretension coefﬁcients.
The pretension level was selected sufﬁciently large such that all
tendons are in tension during motion. The values of kj ¼ SjEj were
selected equal to 50 N for all tendons except for nine vertical ten-
dons (A11B21, A21B31, A31B11, A12B32, A22B12, A32B22, A33B13, A13B23,
A23B33) for which they were set equal to 5 N. For control design
the following parameters were chosen:
b0 ¼ 0:02; b1 ¼ 1:1; b2 ¼ 10; b3 ¼ 400; Q ¼ 51I;
K ¼ 11I; e ¼ 0:5: ð34Þ
Similarly with the simplex example, the rest-lengths of the ten-
dons in the initial and ﬁnal prestressable conﬁgurations were com-
puted using (6) and for the simulation results reported next, these
rest-lengths were kept ﬁxed, equal to their values in the initialprestressable conﬁguration, until t ¼ s when they were switched
to the values corresponding to the ﬁnal prestressable conﬁguration
and the controls, u, were ﬁxed to zero.5.3. Simulation results
Eqs. (20) and (16) were used to simulate the closed loop system.
Fig. 16 shows projections onto the a11, d11 plane of the inﬁnitesimal
mechanism directions and of the desired, actual, and equilibrium
paths for s ¼ 5 s, where the points represented in Fig. 16 on the
actual path correspond to equal time intervals (all of the other gen-
eralized coordinates behave similarly). Fig. 17 shows the distribu-
tion of the power dissipated via tendon damping along the actual
path. These ﬁgures reinforce conclusions reached in the tensegrity
simplex example: tracking is excellent and the power dissipated
via damping is practically zero when the actual path follows clo-
sely the inﬁnitesimal mechanism directions, where motion is fast,
and much larger at the turning points, where motion is slow. Also,
like in the tensegrity simplex example, during the entire process
sufﬁcient clearance between bars was maintained (the minimum
distance between bars was 0.11 m), all tendons were in tension,
Fig. 22. Deployment paths for different deployment times for tower folding.
Fig. 23. Variation of dissipated energy with deployment time for tower folding.
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representative tendon tensions and for two generalized coordi-
nates are given in Figs. 18 and 19, respectively. As in the tensegrity
simplex case, the structure settles down to the ﬁnal equilibrium
conﬁguration very quickly because of the exceptionally good track-
ing performance of the controller and the exponential stability of
the ﬁnal equilibrium conﬁguration (see Fig. 19). At t ¼ s all gener-
alized coordinate values are almost equal to the values for the ﬁnal
equilibrium conﬁguration and all generalized velocities are almost
zero, so immediate convergence to the ﬁnal desired equilibrium
conﬁguration is achieved. Lastly, Fig. 20 shows snapshots of the
folding process, illustrating conclusions similar with the ones
reached in the tensegrity simplex example: the variation in the
structure’s shape is more impressive when larger variations in
the values of the generalized coordinates occur (in this case, in
the ﬁnal phase of the motion).
The other conclusions reached when the simplex example was
analyzed are also reinforced by this example. For example the ten-
dons experience strains that are within the linear elasticity range of
many elastomers. Speciﬁcally, the maximum tendon strain is static,
equal to 3.06, achieved in the initial equilibrium conﬁguration,
whereas some elastomers reported, for example in Sonnenschein
et al. (2013), easily exhibit much larger strains (of around 7). The
mass of each tendon is also very small compared to themass of each
bar: for example, the maximum tendon mass is 0.053 kg (corre-
sponding to the ﬁnal equilibrium conﬁguration), which is negligible
compared to the bar mass (1 kg) used in the simulations. Also, sim-
ilarly with the tensegrity simplex example, the maximum static
compressive force in bars allows for large safety coefﬁcients: for
example for tubular bars made of Titanium with an exterior radius
of 2.5 mm the necessary mass, computed using (29), is 0.025 kg for
a safety coefﬁcient equal to 5. This enables large dynamic loads dur-
ing the folding process. Of course other bar materials can be used
that result in larger mmin but for typical metallic materials this will
still be well below the bar mass used in simulations.
A robustness study similar to the one performed in the
tensegrity simplex example was carried out for the tower folding
process. Speciﬁcally, for each tendon the Young modulus and
damping coefﬁcient were randomly perturbed as follows: the
Young modulus was modiﬁed with up to 20% from the nominal
value of 1 MPa and the damping coefﬁcient was given a value
between 0 and 0.4. These perturbations were independent from
one tendon to another and applied simultaneously. Then the
resulting closed loop system, obtained using these perturbed val-
ues for tendon material properties and the nominal controller
was used to simulate the folding process for s ¼ 5 s. Note thatFig. 21. Robustness study for tensegrity tower folding.the nominal controller was designed for nominal (unperturbed)
values of Young moduli and damping coefﬁcients and was used
to generate Figs. 16–20. The corresponding ‘‘aggregate’’ error,
deﬁned as in the simplex example, was computed. Fig. 21, which
shows the distribution of this error for 200 test cases, including
the nominal design for reference, conﬁrms the strong robustness
properties of the nominal controller with respect to variations inFig. 24. Paths for tensegrity tower folding between non-symmetrical and sym-
metrical conﬁgurations.
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refers to the perturbed closed loop systems, while ‘‘nominal
design’’ refers to the nominal closed loop system (i.e. correspond-
ing to no perturbation in material properties). Also, during these
simulations the conditions that all tendons are in tension and suf-
ﬁcient clearance between bars is maintained were satisﬁed.
The inﬂuence of the deployment time on the folding process
was also evaluated like in the tensegrity simplex example. Fig. 22
shows relevant paths for different deployment times, indicating
that the amplitude of the motion increases with the deployment
time. This behavior is expected and similar with the behavior
observed when unfolding of the tensegrity simplex was examined
(Fig. 12). Fig. 23 shows the variation of the energy dissipated via
tendon damping with the deployment time. Compared to the
tensegrity simplex situation (Fig. 13) the minimum is more pro-
nounced and achieved for a much smaller value (around
s ’ 15 s), but the behavior is qualitatively similar.Initial configuration ( 0t = )                               
Intermediate configuration ( 2 3t τ= )          
Fig. 25. Deployment sequence for the non5.4. Folding non-symmetrical conﬁgurations
In the previous examples the structures were deployed (i.e.
unfolded or folded) between symmetrical conﬁgurations. There
are well known advantages of using symmetries in structural anal-
ysis and in the investigation of mechanisms (see for example
Fowler and Guest (2000), Guest and Fowler (2006), and the refer-
ences therein). First, constraints that enforce symmetries (e.g.,
(21) for the tensegrity simplex and (32) for the tower) simplify
the prestressability conditions (4) because many conditions
become redundant. The number of conditions is drastically
reduced, enabling analytical solutions (e.g., in the tensegrity sim-
plex example) or very efﬁcient numerical solutions (e.g., in the
tensegrity tower example). Symmetries also facilitate mechanisms
because in a conﬁguration that is symmetric geometrical con-
straints that are otherwise independent become redundant, result-
ing in a less constrained structure with mechanisms.    Intermediate configuration ( 3t = τ )
              Final configuration ( t = τ )
-symmetrical tower folding process.
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non-symmetrical conﬁgurations. For example, due to gradual mod-
iﬁcation of tendon material properties, the initial symmetrical
prestressable conﬁguration of the tensegrity tower in Fig. 20 may
evolve into a non-symmetrical conﬁguration. Therefore, the folding
problem in Section 5.2 will require folding the structure from a
non-symmetrical prestressable conﬁguration into the ﬁnal
symmetrical prestressable conﬁguration depicted in Fig. 20. In
the following it is shown that the proposed approach is easily
applicable in such situations also.
Finding non-symmetrical prestressable conﬁgurations of
tensegrities is a well studied ﬁeld (see for example Bel Hadj Ali
et al. (2011), Ehara and Kanno (2010), Koohestani and Guest
(2013) and Zhang et al. (2006)). The conﬁguration used in this
example was found using a simple dynamic relaxation approach:
the nonlinear equations of motion (2), in which the Young modulus
of each tendon was randomly modiﬁed by up to 20% and F was set
to 0, were numerically integrated using as initial conditions zero
generalized velocities and the coordinate values of the initial sym-
metrical prestressable conﬁguration in Fig. 20. The rest-lengths
were ﬁxed to the values corresponding to the initial symmetrical
prestressable conﬁguration in Fig. 20. Due to tendon damping,
the numerical solution of (2) thus obtained settled down to a
new non-symmetrical prestressable conﬁguration corresponding
to the modiﬁed tendon material properties. This conﬁguration is
exponentially stable. At this conﬁguration the square equilibrium
matrix of size 36  36, A0, which appears in (4), was easily com-
puted and found to have rank 35. Therefore, one inﬁnitesimal
mechanism exists, which was computed from the kernel of AT0.
To fold the structure from this non-symmetrical prestressable
conﬁguration into the ﬁnal symmetrical prestressable conﬁgura-
tion in Fig. 20, a desired path was constructed as follows. First,
the vector of generalized coordinates corresponding to the non-
symmetrical prestressable conﬁguration was selected as w1 in
(12)–(14), while for wj; j ¼ 2; . . . ;11 the same generalized coordi-
nate vectors like the ones used in the example in Section 5.3, were
selected. The corresponding vectors v j; j ¼ 1; . . . ;11 necessary in
(12)–(14) were selected as the normalized inﬁnitesimal mecha-
nisms for the corresponding prestressable conﬁgurations deter-
mined by wj; j ¼ 1; . . . ;11. The same controller parameters as in
Section 5.3 (given in (34)) were used and the folding time was con-
sidered s ¼ 5 s. Numerical integration of the closed loop system
(i.e. (20) and (16)) led to similar conclusions like in all of the pre-
vious examples: tracking is exceptionally good (see Fig. 24 which
shows projections of the desired and actual paths onto the a11,
d11 plane), while all tendons are in tension, sufﬁcient clearance
between bars is maintained, and controls vary within acceptable
limits. A snapshot of the folding process is shown in Fig. 25.
It is clear that other intermediate points, wj, than the ones on
the equilibrium path can be used to construct the desired path.
For example the dynamic relaxation method can be applied to ﬁnd
intermediate non-symmetrical prestressable conﬁgurations that
are perturbations of the symmetrical ones, similarly with the pro-
cedure used to ﬁnd the initial non-symmetrical prestressable con-
ﬁguration. This example also emphasizes that an equilibrium path
is actually not necessary, which is another major difference
between this approach and the ones that rely on closely following
an equilibrium path/manifold. All is needed is a set of inﬁnitesimal
mechanisms which may or may not be obtained using an equilib-
rium path. Also note that if the dimension of the space of inﬁnites-
imal mechanisms is greater than 1, this offers more opportunities
for inﬁnitesimal mechanism selection for the construction of the
desired path.
Lastly, note that further extensions of this procedure are
immediate. For example other parameterizations of the desired
path than the one in (12) can be used, other tracking controllersthan the one discussed in Section 3.3 can be used, etc. Note also
that inﬁnitesimal mechanism directions used to construct the
desired path can be multiplied by -1 and different desired paths
can be created that are tangent to the same mechanisms but follow
them in different directions (see Sultan (2009b)). Remark also that
switching tendon rest-length values to other intermediate values
can in principle be performed at intermediate points along the tra-
jectory (i.e. not only for t ¼ s). However, in practice this is not rec-
ommended because of the discontinuities this process introduces,
which may be particularly dangerous if switching is too frequent.
From this perspective it is actually better to perform the operation
in a smooth manner. The procedure can also be adapted to other
structures with mechanisms such as tensegrity structures of class
k > 1, which are generalizations of the classical tensegrity struc-
tures (see Skelton and DeOliveira (2009)). The advantage of classi-
cal tensegrities (i.e. tensegrities with disjoint bars) is that damping
effects are concentrated in the tendons. In structures with bars
connected via many rotational joints affected by friction, signiﬁ-
cant damping associated with these joints will most likely result
in overall energy dissipation that will dominate the energy loss
due to tendon damping. Nevertheless, in motions close to inﬁnites-
imal mechanism directions tendons will still be affected by small
dissipated energy due to linearly kinetic tendon damping.
6. Conclusions
In motions along inﬁnitesimal mechanisms of tensegrity struc-
tures there is no energy dissipation via linearly kinetic tendon
damping, which is particularly important for tendons manufac-
tured from thermally sensitive materials. A deployment strategy
which exploits inﬁnitesimal mechanisms is developed by
constructing desired paths tangent to inﬁnitesimal mechanism
directions and using nonlinear feedback control to ensure accurate
tracking of these paths. Unlike many other deployment strategies,
this strategy is not limited to slow, quasi-static motions, or by the
requirement that the system’s state space trajectory is close to an
equilibrium manifold. Therefore, fast and robust control of large
motions is possible with small energy dissipation via linearly
kinetic tendon damping.
Examples reveal the feasibility of the approach, ﬁrst in the
unfolding of a tensegrity simplex with 6 independent generalized
coordinates, and then in the folding of a much more complex
tensegrity tower with 36 independent generalized coordinates.
Exceptionally good tracking is always achieved and further inves-
tigations reveal that the power dissipated via linearly kinetic ten-
don damping is minimal when the system’s trajectory follows
closely the inﬁnitesimal mechanism directions despite of the fact
that motion is relatively fast there. On the other hand in motions
away from these directions the dissipated power is much larger
even though the motion is relatively slow there. Therefore, for
small energy dissipation via linearly kinetic tendon damping, the
geometry of the motion is more important that its speed. Analysis
of tendon behavior reveals that material selection is not a major
issue, especially in the light of the discovery of novel elastomers
that obey the modeling assumptions made herein. Similarly, struc-
tural integrity of the structure members can be guaranteed via
appropriate selection of safety coefﬁcients and materials. Further-
more, the closed loop system is extremely robust with respect to
modiﬁcations of material properties that are expected to occur
when elastomers are used. Finally, the strategy is not limited to
deployment between symmetrical prestressable conﬁgurations
and it does not need an equilibrium path, being rather general.
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